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1. Introduction
Pro-Banach ∗-algebras (pro-C∗-algebras) are generalizations of Banach ∗-algebras (C∗-algebras). Instead of being given by
a single submultiplicative ∗-norm (C∗-norm), the topology on a pro-Banach ∗-algebra (pro-C∗-algebra) is given by a directed
family of submultiplicative ∗-seminorms (C∗-seminorms). Such many concepts and results from the theory of Banach ∗-
algebras (C∗-algebras) can be extended in the context of pro-Banach ∗-algebras (pro-C∗-algebras). For example, the concept
of enveloping C∗-algebra [1,2,4–6]. R.M. Brooks [4] constructed the enveloping pro-C∗-algebra of a unital metrizable pro-
Banach ∗-algebra. Independently, A. Inoue [6] constructed the enveloping pro-C∗-algebra of a pro-Banach ∗-algebra with
bounded approximate unit, presenting also the reduction of the representation theory of the initial algebra to that of the
enveloping pro-C∗-algebra.
A pro-Banach ∗-algebra with bounded approximate unit admits an enveloping C∗-algebra if its enveloping pro-C∗-algebra
is topologically isomorphic to a C∗-algebra. S.J. Bhatt and D.J. Karia [1] proved a necessary and suﬃcient condition when a
pro-Banach ∗-algebra admits an enveloping C∗-algebra and gave a lot of examples of such pro-Banach ∗-algebras.
A pro-Banach dynamical system (pro-C∗-dynamical system) is a triple (G,α, A), where G is a locally compact group,
A is a pro-Banach ∗-algebra with bounded approximate unit (pro-C∗-algebra) and α is a G-invariant continuous action
of G on A. The covariant algebra associated to a pro-Banach dynamical system (pro-C∗-dynamical system) (G,α, A) is
a pro-Banach ∗-algebra with bounded approximate unit and the crossed product associated to (G,α, A) is deﬁned as the
enveloping pro-C∗-algebra of its covariant algebra. Motivated by the paper of S.J. Bhatt and D.J. Karia [1], we give a necessary
and suﬃcient condition when a pro-Banach dynamical system admits a C∗-crossed product.
2. Preliminaries
A pro-Banach ∗-algebra (respectively, pro-C∗-algebra) is a complete Hausdorff topological complex ∗-algebra whose
topology is determined by its continuous submultiplicative ∗-seminorms (respectively, C∗-seminorms) in the sense that
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seminorms (respectively, C∗-seminorms) p on A. In the literature, pro-C∗-algebras have been given different names such
as b∗-algebras (C. Apostol), LMC∗-algebras (G. Lassner, K. Schmüdgen) or locally C∗-algebras (A. Inoue, M. Fragoulopoulou).
For a pro-Banach ∗-algebra, it is also used the term ‘complete locally m-convex ∗-algebra’ or ‘complete Arens–Michael
∗-algebra’.
Suppose that A is a pro-Banach ∗-algebra (respectively, pro-C∗-algebra). The set S(A) of all continuous submultiplicative
∗-seminorms (respectively, C∗-seminorms) on A is directed with the partial order given by p  q if p(a)  q(a) for all
a ∈ A. For p ∈ S(A), ker p = {a ∈ A; p(a) = 0} is a closed two-sided ∗-ideal of A and the quotient ∗-algebra A/ker p is
a normed ∗-algebra in the ∗-norm (respectively, C∗-norm) induced by p, and its completion is denoted by Ap . If A is a
pro-C∗-algebra, then A/ker p is a C∗-algebra and so Ap = A/ker p (see, for example, [9, Corollary 1.12]). The canonical map
from A to A/ker p is denoted by π Ap .
For p,q ∈ S(A) with p  q, there is a unique continuous ∗-morphism π Apq : Ap → Aq with dense range such that
π Apq ◦ π Ap = π Aq , and {Ap,π Apq}p,q∈S(A),pq is an inverse system of Banach ∗-algebras (respectively, C∗-algebras) and its
inverse limit is a pro-Banach ∗-algebra (respectively, pro-C∗-algebra) which is topologically isomorphic to A.
A non-degenerate ∗-representation of A is a pair (ϕ, H), where H is a Hilbert space and ϕ is a continuous ∗-morphism
from A to L(H) such that {ϕ(a)ξ ; a ∈ A, ξ ∈ H} generates a dense subspace of H . The collection of all non-degenerate
∗-representations of A is denoted by R(A). For each p ∈ S(A), we denote by Rp(A) the collection of all non-degenerate
∗-representations (ϕ, H) of A such that ‖ϕ(a)‖ p(a) for all a ∈ A. Clearly, R(A) =⋃p∈S(A) Rp(A).
Suppose that A is a pro-Banach ∗-algebra with bounded approximate unit. For each p ∈ S(A), the map rp : A/I → [0,∞),
where I = {a ∈ A; ϕ(a) = 0, (ϕ, H) ∈ R(A)}, given by
rp(a + I) = sup
{∥∥ϕ(a)∥∥; (ϕ, H) ∈ Rp(A)}
deﬁnes a C∗-seminorm on the quotient ∗-algebra A/I . The completion of the quotient ∗-algebra A/I with respect to the
topology given by the family of C∗-seminorms {rp}p∈S(A) is called the enveloping pro-C∗-algebra of A. It is denoted by E(A)
and the canonical map from A to A/I is denoted by δA . Clearly, rp(a + I) p(a) for all p ∈ S(A) and for all a ∈ A.
Let A be a pro-Banach ∗-algebra (pro-C∗-algebra) and let Aut(A) = {σ : A → A; σ is a ∗-isomorphism}.
A continuous action of a locally compact group G on a pro-Banach ∗-algebra (pro-C∗-algebra) A is a group morphism
g → αg from G to Aut(A) such that the map g → αg(a) from G to A is continuous for each a ∈ A. We say that the
continuous action α is G-invariant if for each p ∈ S(A), there is Mp > 0 such that
p
(
αg(a)
)
 Mpp(a)
for all g ∈ G and for all a ∈ A.
A pro-Banach dynamical system (pro-C∗-dynamical system) is a triple (G,α, A), where G is a locally compact group, A is a
pro-Banach ∗-algebra with bounded approximate unit (pro-C∗-algebra) and α is a G-invariant continuous action of G on A.
Example 2.1. If X is a Hausdorff countably compactly generated topological space (that is, there is a countable family of
compact spaces K1 ⊆ K2 ⊆ · · · ⊆ Kn ⊆ · · · such that X = lim→ nKn ), then the ∗-algebra C(X) of all continuous complex-valued
functions on X equipped with the topology deﬁned by the family of C∗-seminorms {pKn }n , where
pKn ( f ) = sup
{∣∣ f (x)∣∣, x ∈ Kn},
is a metrizable unital commutative pro-C∗-algebra [9].
Let (G, X) be a transformation group with X a Hausdorff countably compactly generated topological space and G a
compact group. Then the map αg : C(X) → C(X) deﬁned by
αg( f )(x) = f
(
g−1 · x)
is an isomorphism of pro-C∗-algebras for each g ∈ G , and the map g → αg from G to Aut(C(X)) is a G-invariant continuous
action of G on C(X). Moreover, if (G,α, A) is a pro-C∗-dynamical system with G a compact group, A a metrizable unital
commutative pro-C∗-algebra, then there is a transformation group (G, X), X = Sp(A), which induces the action α [7].
Example 2.2. Let A be a pro-Banach ∗-algebra with bounded approximate unit and ϕ an inverse limit ∗-isomorphisms
on A. The map n → αn from Z to Aut(A), where αn = ϕn , is a continuous action of G on A, and (Z,α, A) is a pro-Banach
dynamical system.
Example 2.3. Let D = {z ∈ C; |z|  1} and U = {z ∈ C; |z| < 1}. Then Aω(D) =⋂n0 An(D), where An(D) = { f : U → C;
f is analytic and f (k) has continuous extension on D, for all k with 0  k  n} is a pro-Banach ∗-algebra with pointwise
operations, the involution given by f → f ∗ , where f ∗(z) = f (z¯), and the topology deﬁned by the family of submultiplicative
∗-seminorms {pn}n1, where
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n∑
k=0
1
k! sup
{∣∣ f (k)(z)∣∣; z ∈ D}.
Then (Z2,α, Aω(D)), where α0( f ) = f and α1( f )(z) = f (−z) for all f ∈ Aω(D) and for all z ∈ U , is a pro-Banach dynamical
system.
Let (G,α, A) be a pro-Banach (pro-C∗-) dynamical system. The modular function on G is denoted by 	, and a left Haar
measure on G is denoted by dg. The vector space Cc(G, A) of all continuous A-valued functions on G with compact support
is a topological ∗-algebra with the convolution
( f ∗ h)(t) =
∫
G
f (g)αg
(
h
(
g−1t
))
dg
as product, the involution given by
f #(t) = 	(t−1)αt( f (t−1))∗
and the topology deﬁned by the family of submultiplicative ∗-seminorms {Np}p∈S(A) , where
Np( f ) =
∫
G
p
(
f (g)
)
dg
for all f ∈ Cc(G, A) and p ∈ S(A). The covariance algebra associated to (G,α, A) is the pro-Banach ∗-algebra L1(G,α, A)
obtained by the Hausdorff completion of the topological ∗-algebra Cc(G, A). Moreover, the covariance algebra associated to
(G,α, A) is a pro-Banach ∗-algebra with bounded approximate unit and its enveloping pro-C∗-algebra, denoted by A ×α G ,
is called the crossed product associated to (G,α, A).
3. Pro-Banach dynamical systems
Lemma 3.1. If α is a G-invariant continuous action of a locally compact group G on a pro-Banach ∗-algebra A, then for each p ∈ S(A),
there is a continuous action αp of G on Ap, and moreover, αg = lim← p∈S(A)αpg for each g ∈ G.
Proof. Let g ∈ G and p ∈ S(A). Since α is a G-invariant continuous action, there is Mp > 0 such that p(αg(a))  Mpp(a)
for all a ∈ A, and so there is a ∗-morphism of Banach ∗-algebras αpg : Ap → Ap such that αpg ◦π Ap = π Ap ◦ αg . From(
α
p
g ◦ αpg−1
)(
π Ap (a)
)= αpg ((π Ap ◦ αg−1)(a))= π Ap ((αg ◦ αg−1)(a))= π Ap (a)
for all a ∈ A, we deduce that αpg is a ∗-isomorphism of Banach ∗-algebras. A simple calculus shows that g → αpg is a
continuous action of G on Ap . Also it is easy to verify that (α
p
g )p∈S(A) is an inverse system of ∗-isomorphisms of Banach
∗-algebras and αg = lim← p∈S(A)αpg . 
Using Lemma 3.1 and the same arguments as in proof of [7, Lemma 1.3.2], we obtain the following proposition.
Proposition 3.2. Let (G,α, A) be a pro-Banach dynamical system. Then{
L1
(
G,αp, Ap
)
,χpq
}
p,q∈S(A),pq,
where χpq : L1(G,αp, Ap) → L1(G,αq, Aq), χpq( f ) = π Apq ◦ f , is an inverse system of Banach ∗-algebras and moreover,
L1(G,α, A) ≡ lim←
p∈S(A)
L1
(
G,αp, Ap
)
up to a ∗-isomorphism.
Corollary 3.3. Let (G,α, A) be a pro-Banach dynamical system. Then
G ×α A ≡ lim←
p∈S(A)
G ×αp Ap
up to a ∗-isomorphism.
Proof. It follows from Proposition 3.2 and [5, Theorem 18.11]. 
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invariant continuous action α of G on A extends to a unique continuous action α˜ of G on E(A) such that α˜g ◦ δA = δA ◦ αg for all
g ∈ G.
Proof. By Lemma 3.1, there are continuous actions αp of G on Ap , p ∈ S(A) such that αg = lim← p∈S(A)αpg for each g ∈ G .
Let p ∈ S(A) and g ∈ G . Then αpg is a ∗-isomorphism of Banach ∗-algebras with bounded approximate unit and so it
extends to a unique C∗-isomorphism α˜pg from E(Ap) to E(Ap) such that α˜pg ◦ δAp = δAp ◦αpg . A simple calculus shows that
the map g → α˜pg from G to Aut(E(Ap)) is a group morphism and from∥∥α˜pg1(x) − α˜pg2(x)∥∥E(Ap)  ∥∥α˜pg1(x− δAp (a))∥∥E(Ap) + ∥∥α˜pg2(x− δAp (a))∥∥E(Ap)
+ ∥∥α˜pg1(δAp (a))− α˜pg2(δAp (a))∥∥E(Ap)

∥∥x− δAp (a)∥∥E(Ap) + ∥∥x− δAp (a)∥∥E(Ap)
+ ∥∥δAp (αpg1(a) − αpg2(a))∥∥E(Ap)
 2
∥∥x− δAp (a)∥∥E(Ap) + ∥∥αpg1(a) − αpg2(a)∥∥Ap
for all x ∈ E(Ap), for all a ∈ Ap and for all g1, g2 ∈ G , and taking into account that αp is a continuous action of G on Ap
and δAp (Ap) is dense in E(Ap), we deduce that g → α˜pg is a continuous action of G on E(Ap).
Let p,q ∈ S(A) with p  q and g ∈ G . Then(
π
E(A)
pq ◦ α˜pg
)(
δAp (a)
)= πE(A)pq (δAp (αpg (a)))
= δAq
(
π Apq
(
α
p
g (a)
))= δAq(αqg(π Apq(a)))
= (α˜qg ◦ δAp )(π Apq(a))= (α˜qg ◦πE(A)pq )(δAp (a))
for all a ∈ Ap . Therefore (α˜pg )p∈S(A) is an inverse system of C∗-isomorphisms. Let α˜g = lim← p∈S(A)α˜pg . It is not diﬃcult to
check that g → α˜g is a continuous action of G on lim← p∈S(A)E(Ap) and so it is a continuous action of G on E(A). 
A non-degenerate covariant ∗-representation of (G,α, A) is a triple (ϕ,u, H), where (ϕ, H) is a non-degenerate ∗-
representation of A and (u, H) is a unitary representation of G such that
ϕ
(
αg(a)
)= ugϕ(a)u∗g
for all a ∈ A and for all g ∈ G .
Let R(G,α, A) = {(ϕ,u, H); (ϕ,u, H) is a non-degenerate covariant ∗-representation}.
Proposition 3.5. Let (G,α, A) be a pro-Banach dynamical system. The map
(ϕ,u, H) ∈ R(G,α, A) → (ϕ × u, H) ∈ R(L1(G,α, A))
where
(ϕ × u)( f ) =
∫
G
ϕ
(
f (t)
)
ut dt
for all f ∈ Cc(G, A) is a bijective correspondence.
Proof. It follows using the same arguments as in the proof of [7, Proposition 1.3.4] 
Lemma 3.6. Let (G,α, A) be a pro-Banach dynamical system. If (ϕ, H) is a non-degenerate ∗-representation of E(A) ×α˜ G, then
(ϕ ◦ δL1(G,α˜,E(A)) ◦ j, H), where j : L1(G,α, A) → L1(G, α˜, E(A)) and
j( f ) = δA ◦ f
is a non-degenerate ∗-representation of L1(G,α, A). Moreover,
(ϕ, H) → (ϕ ◦ δL1(G,α˜,E(A)) ◦ j, H)
is a bijective correspondence from R(E(A) ×α˜ G) to R(L1(G,α, A)).
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j
(
f #
)
(t) = δA
(
f #(t)
)= δA(	(t−1)αt( f (t−1))∗)
= 	(t−1)δA(αt( f (t−1)))∗ = 	(t−1)α˜t(δA( f (t−1)))∗
= 	(t−1)α˜t( j( f )(t−1))∗ = j( f )#(t)
for all t ∈ G and for all f ∈ L1(G,α, A),
(
j( f ) ∗ j(h))(t) = ∫
G
j( f )(g)α˜g
(
j(h)
(
g−1t
))
dg
=
∫
G
δA
(
f (g)
)
α˜g
(
δA
(
h
(
g−1t
)))
dg
=
∫
G
δA
(
f (g)
)
δA
(
αg
(
h
(
g−1t
)))
dg
=
∫
G
δA
(
f (g)αg
(
h
(
g−1t
)))
dg
= δA
(∫
G
f (g)αg
(
h
(
g−1t
))
dg
)
= δA
(
( f ∗ h)(t))= j(( f ∗ h))(t)
for all t ∈ G and for all f ,h ∈ L1(G,α, A), and
Nrp
(
j( f )
)= ∫
G
rp
(
j( f )(g)
)
dg =
∫
G
rp
(
δA
(
f (g)
))
dg

∫
G
p
(
f (g)
)
dg = Np( f )
for all f ∈ L1(G,α, A), we deduce that j is a continuous ∗-morphism, and so (ϕ ◦ δL1(G,α˜,E(A)) ◦ j, H) is a ∗-representation
of L1(G,α, A).
From j(a ⊗ f ) = δA(a) ⊗ f for all f ∈ Cc(G) and for all a ∈ A, and taking into account that A ⊗alg Cc(G) and E(A) ⊗alg
Cc(G) are dense in L1(G,α, A), respectively L1(G,α, E(A)), and δL1(G,α˜,E(A)) has dense range, we deduce that δL1(G,α˜,E(A)) ◦ j
has dense range. Therefore, if (ϕ, H) is a non-degenerate ∗-representation of L1(G,α, A), then (ϕ ◦ δL1(G,α˜,E(A)) ◦ j, H) is a
non-degenerate ∗-representation of E(A) ×α˜ G.
Let (ϕ1, H1), (ϕ2, H2) ∈ R(E(A) ×α˜ G) such that
ϕ1 ◦ δL1(G,α˜,E(A)) ◦ j = ϕ2 ◦ δL1(G,α˜,E(A)) ◦ j.
Then ϕ1 = ϕ2, since δL1(G,α˜,E(A)) ◦ j has dense range.
Let (ρ, H) ∈ R(L1(G,α, A)). By Proposition 3.5 there is (ρ¯,u, H) ∈ R(G,α, A) such that ρ = ρ¯ × u. Let (ρ˜,u, H) ∈
R(G, α˜, E(A)) such that ρ˜ ◦ δA = ρ¯ , and let (ϕ, H) ∈ R(E(A) ×α˜ G) such that ϕ ◦ δL1(G,α˜,E(A)) = ρ˜ × u. Then
(ϕ ◦ δL1(G,α˜,E(A)) ◦ j)( f ) = (ρ˜ × u)(δA ◦ f ) =
∫
G
ρ˜
(
δA
(
f (t)
))
ut dt
=
∫
G
ρ¯
(
f (t)
)
ut dt = (ρ¯ × u)( f ) = ρ( f )
for all f ∈ Cc(G, A). This implies that ϕ ◦ δL1(G,α˜,E(A)) ◦ j = ρ and so (ϕ, H) → (ϕ ◦ δL1(G,α˜,E(A)) ◦ j, H) is a bijective
correspondence from R(E(A) ×α˜ G) to R(L1 (G,α, A)). 
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Proof. The proof will be divided in two steps.
Step 1. First, we suppose that A is a Banach ∗-algebra with approximate unit.
We can suppose that A ×α G acts non-degenerate on a Hilbert space H . Then δL1(G,α,A) can be regarded as a non-
degenerate ∗-representation of L1(G,α, A) on H , and by Lemma 3.6, there is a continuous ∗-morphism ϕ : E(A) ×α˜ G →
A ×α G such that
ϕ ◦ δL1(G,α˜,E(A)) ◦ j = δL1(G,α,A).
On the other hand, we can consider that E(A) ×α˜ G acts non-degenerate on a Hilbert space K , and then δL1(G,α˜,E(A)) ◦ j
can be regarded as a non-degenerate ∗-representation of L1(G, α˜, E(A)) on K . Then there is a continuous ∗-morphism
ψ : A ×α G → E(A) ×α˜ G such that
ψ ◦ δL1(G,α,A) = δL1(G,α˜,E(A)) ◦ j.
From
ϕ ◦ ψ ◦ δL1(G,α,A) = δL1(G,α,A)
and
ψ ◦ ϕ ◦ δL1(G,α˜,E(A)) ◦ j = δL1(G,α˜,E(A)) ◦ j
and taking into account that δL1(G,α,A) and δL1(G,α˜,E(A)) ◦ j have dense range, we deduce that ϕ is a C∗-isomorphisms.
Step 2. The general case.
For each p ∈ S(A), by Step 1, there is a C∗-isomorphism ϕp : E(Ap) ×α˜p G → Ap ×αp G such that
ϕp ◦ δL1(G,α˜p ,E(Ap)) ◦ jp = δL1(G,αp ,Ap).
It is not diﬃcult to check that (ϕp)p∈S(A) is an inverse system of C∗-isomorphisms, and then ϕ = lim← p∈S(A)ϕp is a pro-
C∗-isomorphism from lim← p∈S(A)E(Ap) ×α˜p G to lim← p∈S(A)Ap ×αp G and so the pro-C∗-algebras E(A) ×α˜ G and A ×α G are
isomorphic. 
4. Pro-Banach dynamical systems with C∗-crossed product
Deﬁnition 4.1. A pro-Banach dynamical system (G, A,α) admits a C∗-crossed product, if its crossed product is isomorphic
to a C∗-algebra.
As in the case of C∗-algebras, for a given pro-C∗-algebra A we deﬁne the multiplier algebra M(A) associated to A [9,
Theorem 3.14]. A multiplier of A is a pair (l, r) consisting of two linear maps l and r from A to A such that l(ab) = l(a)b,
r(ab) = ar(b) and al(b) = r(a)b for all a,b ∈ A. The multiplier algebra M(A) of A is a pro-C∗-algebra with respect to the
topology deﬁned by the family of C∗-seminorms {pM(A)}p∈S(A), where pM(A)(l, r) = sup{p(l(a)); p(a) 1}. Moreover, A can
be identiﬁed with a pro-C∗-subalgebra of M(A), and M(A) ≡ lim← p∈S(A) M(Ap) up to an isomorphism of pro-C∗-algebras.
Lemma 4.2. Let (G, A,α) be a pro-C∗-dynamical system. Then there is a pro-C∗-morphism σ : A → M(A ×α G) such that
pM(A×αG)(σ (a)) = p(a) for all a ∈ A, and for all p ∈ S(A).
Proof. Let p ∈ S(A). By [3, II.10.3.9], there is an isometric C∗-morphism σp : Ap → M(Ap ×αp G) such that
σp
(
π Ap (a)
)
( f )(t) = (π Ap (a) f (t), f (t)αpt (π Ap (a)))
for all a ∈ A, for all f ∈ Cc(G, A) and for all t ∈ G , and∥∥σp(π Ap (a))∥∥M(Ap×αp G) = ∥∥π Ap (a)∥∥Ap = p(a)
for all a ∈ A. It is easy to check that (σp)p∈S(A) is an inverse system of isometric C∗-morphisms, and then σ = lim← p∈S(A)σp
can be regarded as a pro-C∗-morphism from A to M(A ×α G) such that pM(A×αG)(σ (a)) = p(a) for all a ∈ A and for all
p ∈ S(A). 
Theorem 4.3. A pro-Banach dynamical system (G, A,α) admits a C∗-crossed product if and only if the pro-Banach ∗-algebra A admits
an enveloping C∗-algebra.
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Section 1.5], E(A) ×α˜ G , and so A ×α G (see Theorem 3.7), is isomorphic to a C∗-algebra.
Conversely, suppose that A ×α G is isomorphic to a C∗-algebra. Then, by Theorem 3.7, E(A) ×α˜ G is isomorphic to a
C∗-algebra as well as M(E(A)×α˜ G). By Lemma 4.2, E(A) can be regarded as a pro-C∗-subalgebra of M(E(A)×α˜ G) and so
it is isomorphic to a C∗-algebra. 
Corollary 4.4. Let A be a pro-Banach ∗-algebra with bounded approximate unit. Then the projective tensor product L1(G) ⊗̂π A of
A and the group algebra L1(G) of a locally compact group G admits an enveloping C∗-algebra if and only if A admits an enveloping
C∗-algebra.
Proof. By [8, p. 406], L1(G) ⊗̂π A can be identiﬁed with the generalized group algebra L1(G, A) of G up to a topological
algebraic ∗-isomorphism. On the other hand, the generalized group algebra L1(G, A) of G is the covariance algebra of the
trivial pro-Banach dynamical system (G, A, id), and then E(L1(G)⊗̂π A) = E(A)×id G . Therefore E(L1(G)⊗̂π A) is isomorphic
to a C∗-algebra if and only if E(A) is isomorphic to a C∗-algebra. 
Corollary 4.5. Let A be a pro-C∗-algebra and C∗(G) the group C∗-algebra of a locally compact group G. Then the pro- C∗-algebra
C∗(G) ⊗max A is isomorphic to a C∗-algebra if and only if A is isomorphic to a C∗-algebra.
Proof. By [7, Corollary 1.3.9], C∗(G) ⊗max A is isomorphic to A ×id G , and then the corollary follows from Theorem 4.3. 
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